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INTRODUCTION
FUNDAÎ4DÎJTAL GCNCùPTD 
DEFINITION OF A PiüOJiXïIVE PMNE 
SOKE PROPERTIES OF PROJECTIVE PLANES 
Three o f  t h e  main d i v i s i o n s  o f  geom etry  e s  we know 
i t  to d a y  a r e  E u c l id e a n  g eom etry , a f f i n e  geom etry  and 
p r o j e c t i v e  geometry*
The c h i e f  co ncern  o f  t h i s  paoer i s  w i th  p r o j e c t i v e  
geometry* I n  p a r t i c u l a r  t h e  t o p i c s  o f  s e p a r a t i o n  and c r o s s  
r a t i o  a r e  d is c u s se d *  An a n a l y t i c  ap p ro ach  i s  u sed  th ro u g h ­
o u t ;  however, on o c c a s io n ,  r e f e r e n c e  i s  made to  s y n t h e t i c  
argum ents*
The body o f  theo rem s w hich r e s u l t s  from th e  
fo l lo w in g  s e t  o f  axiom s i s  c a l l e d  p r o j e c t i v e  geom etry . 
C o n s id e r  a s e t  o f  u n d s f in e d  e lem en ts  c a l l e d  p o i n t s  
and  u n d e f in e d  s u b - s e t s  o f  p o i n t s  c a l l e d  l i n e s *  Than th e  
fo l lo w in g  a ssu m p tio n s  a r e  made : ( ô ,P . l 6 )
1* There  a r e  a t  l e a s t  two d i s t i n c t  p o i n t s .
2 . Two d i s t i n c t  p o i n t s  A and B d e te rm in e  one 
and o n ly  one l i n e  on  b o th  A and  E*
3* I f  A and E a r e  d i s t i n c t  p o in t s  t h e r e  i s  a t
l e a s t  one p o in t  d i s t i n c t  from  A and B and th e  l i n e  AB.
4 .  I f  A and B a r e  d i s t i n c t  p o in t s  t h e r e  i s  a t
l e a s t  one p o in t  n o t  on t h e  l i n e  AB.
5* I f  A, B and C a r e  t h r e e  n o n - c o l l i n e a r  p o i n t s
1.
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2 *
and  D i s  a p o in t  on BC d i s t i n c t  from  B and C, and S 
i s  a  p o in t  on CA d i s t i n c t  from  C and  A, th e n  t h e r e  i s  a  
p o i n t  F on AB such  t h a t  D, E and  F a r e  c o l l i n e a r *
D e f i n i t i o n . A f i e ld  F i s  a  s e t  o f  e le m e n ts  a , b ,  
c , . . .  f o r  v h lc h  t h e  sum a+b and t h e  p ro d u c t  ab  o f  any 
two e lem en ts  a  and b ( d i s t i n c t  o r  n o t )  o f  F a r e  d e f in e d ,  
and
( i ) C lo s u r e . I f  a  end b a r e  i n  F , th e n  t h e  sum 
a+b and th e  p ro d u c t  ab  a r e  i n  F;
( i i )  U n iquen ess . I f  a«a» and b*b* i n  F , th e n
a+bssa»+b% and absra’b*;
( i i i )  Commutative la w s .  For a l l  a  and b i n  F ,
a + b s b + a ,  a b m b a ;
( iv )  A s s o c ia t iv e  la w s .  F o r a l l  a , b ,  and c i n  F , 
a+ (b+c)« i(a+b)+c, a ( b c )* { a b )c ;
(v) D i s t r i b u t i v e  law . F or a l l  a .  b .  and c i n  F.
mfmMA. . ». n«MIN« If '»! ,  iwii .■■i.i I ■» W W #
a (b + c )* ab + ac ;
( v i )  Z ero . F c o n ta in s  an  e lem en t 0 such  t l i a t  
a+Oma, f o r  a l l  a  i n  F;
( v i i )  U n i ty .  F c o n ta in s  an  e lem ent 1+0 such t h a t  
a l - a ,  f o r  a l l  a  i n  F;
( v l i i )  A d d i t iv e  i n v e r s e .  For each  a i n  F, th e  
e q u a t io n  a+*x»0 h as  a  s o l u t i o n  x  i n  F;
( Ix )  c a n c e l l a t i o n  I a n .  I f  <=#0 and ca«cb , th e n  a e b ;
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3.
(x) Inverse. For each element a*0 an inverse 
element a"*̂  satisfying the equation a"^a=l. (1,P.33)
Given any  f i e l d  F , a  p r o j e c t i v e  p la n e  can be con­
s t r u c t e d  a s  fo l lo w s  : i f  a , b , c  and k a r e  i n  F , t h e
t r i p l e ,  ( a , b , c )  w i l l  be s a i d  to  be e q u iv a le n t  t o  t h e  
t r i p l e  (k a ,k b ,k c )  i f  k i s  any n o n -z e ro  member o f  t h e  
f i e l d .  I t  r e a d i l y  fo l lo w s  tha t, t h e  " e q u iv a le n c e "  r e l ­
a t i o n  d e f in e d  h e re  i s  an  e q u iv a le n c e  r e l a t i o n .  A 
" p o in t"  t h e n ,  . / i l l  be an  e q u iv a le n c e  c l a s s  o f  t r i p l e s .
A " l i n e "  w i l l  be an  e q u a t io n  o f  t h e  form  ax+^jy+cz-C.
The p o i n t  ( 0 ,0 ,0 )  and th e  l i n e  0x-K)yt0z»0 a r e  ex ­
c lu d e d .  The p o in t  (x., ,y ^ ,  i s  on th e  l i n e  
ax+by+cz*0 i f  and o n ly  i f  axj t -by, + I t  can 
e a s i l y  be shown t h a t  t h i s  system  w i l l  be a  p r o j e c t i v e  
p la n e .  Such a  system  i s  r e f e r r e d  to  a s  a  p r o j e c t i v e  
p la n e  o v e r  F .
I f  we have a  p r o j e c t i v e  p la n e  and choose an  a r b r i -  
t r a r y  l i n e  i n  t h i s  p la n e  and c e l l  i t  t h e  l i n e  a t  i n f i n i t y  
o f  t h e  p la n e ,  th e n  th e  system  whj-ch r e s u l t s  i s  c a l l e d  
a f f i n e  geom etry . Any o t h e r  l i n e  i n  t h e  p la n e  m eets  th e  
l i n e  a t  i n f i n i t y  i n  a  p o in t  c a l l e d  t h e  p o in t  a t  i n f i n i t y  
o f  t h e  l i n e .  Tv/o l i n e s  which meet on th e  l i n e  a t  i n f i n i t y  
a r e  s a id  t o  be p a r a l l e l .
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I t  i s  to  be n o te d  t h a t  t h e r e  a r e  no s p e c ia l  l i n e s  
o r  p o i n t s  i n  p r o j e c t i v e  geometry*
By in t r o d u c in g  a  s u i t a b l e  m easure o f  l e n g th  and o f  
a n g le  i n t o  a f f i n e  geom etry  we o b t a i n  E u c l id e a n  geometry* 
The n o t io n  o f  c o o r d in a te s  i s  v i t a l  to  t h e  a n a l y t i c a l  
t r e a tm e n t  o f  geometry* I n  t h e  o r d in a r y  a n a l^ r t ic  geom etry  
o f  t h e  E u c l id e a n  p la n e  a co rre sp o n d en ce  between p o in t s  
on a  l i n e  and  th e  r e a l  numbers i s  s e t  up i n  a  manner 
such  t h a t  each  p o in t  h a s  a s s o c i a t e d  w i th  i t  a n ^ b e r *
T h is  number i s  c a l l e d  th e  ncnliomojyeneous co o rd in a t e  o f  
t h e  p o in t*
I n  o r d e r  t o  r e p r e s e n t  th e  p o i n t s  and l i n e s  o f  th e  
p la n e  a n a l j d i i c a l l y  tiro d i s t i n c t  l i n e s  o f  th e  p la n e  a r e  
s e l e c t e d .  These l i n e s  a r e  c a l l e d  th e  ax es  o f  c o o r d in a te s  
and a  s c a l e  i s  d e te rm in ed  on e a ch . T h e ir  p o in t  o f  
i n t e r s e c t i o n  i s  c a l l e d  t h e  o r ig in *  I f  P i s  any p o in t  
( f i n i t e  p o in t )  i n  th e  p la n e  th e n  a  l i n e  p a r a l l e l  t o  one 
o f  t h e  c o o r d in a te  axe:-: th rourd i P m eets  t h e  othei- ax es  
i n  a p o in t  whose nonhcnor.eneous c o o r d in a te  i s  x  (o r  y ) .  
The p o in t  P i s  r e p r e s e n te d  by a p a i r  o f  iiur-bors (x ,y )*  
These two numbers a r e  c a l l e d  th e  ncnhomogeneous 
c o o r d in a te s  o f  P w i th  r e f e r e n c e  to  th e  s c a le  on th e  "x" 
and  "y" a x is *
I f  th e  s e t  o f  r e a l s  i s  r e p la c e d  by some o th e r  
f i e l d ,  we g e t  t h e  a n a l y t i c  geometry o f  an  a f f i n e  p la n e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
o t h e r  th a n  t h e  i iu c l id e a n  p la n e —t h e  a f l i n e  p lan e  
o v e r  t h e  f i e l d  F ,
The D o in ts  a t  i n f i n i t y  a r e  ex c lu d ed  frcn: th e  
above d is c u s s io n *  T h is  i s  w e l l  kncv.n to  s tu d e n ts  o f  
a n a l y t i c  geom etry .
I n  p r o j e c t i v e  geom etry  t h e r e  a r e  no m ic e p t io n a l  
p o i n t s  o r  l i n e s *  Thus a n o th e r  method o f  d e n o t in g  p o in t s  
on a  l i n e  by n u nbers  i s  d e s c r ib e d  u h e r e .y  I t  i s  no t 
necessary,; t o  u se  an  e x c e p t io n a l  symbol*
dach o o in t  on a l i n e  i s  d en o ted  by i t s  nonhouogeneous 
c o o r d in a te  and th e n  a s s o c i a t e d  u 'i th  evei^y p o in t  i s  a 
p a i r  o f  nur.ibers (:c,y ) such t h o t  i f  Xĵ  i s  th e  non ioncrurioous 
c o o r d in a te  o f  a - y r o i n t  d i s t i n c t  from th e  "o rn t a t  
i n f i n i t y  th o  p a i r  (x ,y )  a s s o c i a t e d  w i th  th e  p o in t  
s a t i s f i e s  t h e  r e l a t i o n  x ^ ^ x ry .  w ith  th e  îXiint a t  i n ­
f i n i t y  ve  a s s o c i a t e  a p a i r  o f  th e  form (k ,0 )  where k  i s  
any  number {k#0) o f  t h e  nuüiber sy s tem . Thus to  eve ry  
p o in t  o f  t h e  l i n e  c o r re sp o n d s  a p a i r  o f  numuers and to  
ev e ry  p a i i '  o f  n im bers  i n  t h e  f i e l d  e x c ep t  th e  p a i r  (0 ,0 )  
c o r re s p o n d s  a u n iq u e  p o in t  o f  th e  l i n o .  These tv.c numbers 
a r e  c a l l eu th e  homogeneous c o o r d in a te s  o f  uhe p o in t  w ith  
w hich th e y  a r e  a s s o c i a t e d .  O bv iously  th e  p a i r  (x ,y )  
end {mx,my) r e p r e s e n t  th e  same jx / in t  f o r  a l l  mfO*
As s i m i l a r  system  o f  homogeneous c o o r d in a te s  can be
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
6 .
e s t a b l i s h o d  f o r  t-he pl^.ne* I n  t h i s  ca se  each p o in t  v / i l l  
be r e p r e s e n t e d  by a  t r i p l e  ( x ,y , a )  o f  nuüibers a s  i n d i c a t e d  
on page 3 .
D e f i n i t i o n , Supixïse t h a t  to  ec ch r o i n t  . hose 
non’ oniogerieous c o o r d in a te  i s  x ,  t h e r e  i s  a corresc>onaing 
o o in t  vhioGo nonhcmogoneous c o o rd in a te  i s  x* a s  fo l lo w s :
b ,
cx d ,
where a , b , c  and d a r e  e le m e n ts  o f  t h e  c o o r d in a te  f i e l d
and  ad  -  be ÿ  0 .  The r e s u l t i n g  co rre sp o n d en ce  i s  th e n
s a i d  to  be a n r o j e c t i v e  c o r re sp o n d e nce o r  a  p r o je c t i v i t y
on th e  l i n e  L, (o ,  F ,154)
D e f i n i t i o n ,  The co rre sp o n d an c e  between p o in ts  i n
t h e  p la n e  s e t  u p  b y  t h e  fo l lo w in g  e q u a t io n s  i s  s a id
t o  be a p r o j e c t i v e  c o l l i n e a t i o n ,
px*»ax+by+cz
py*=dw+ey+f
pz*“gx+hy4-is5
i f  t h e  d e te rm in a n t  o f  th e  t r a n s f o r m a t io n  i s  d i f f e r e n t  
from 0 ,  Here (x ,y ,z , '  end a r e  ::omogeneous
c o o r d in a te s  f o r  a  p o in t  and  i t s  image r e s p e c t i v e l y .
T h is  t r a n s f o r m a t io n  i s  one to  one on p o i n t s  and one 
t o  one on l i n e s .
The id e a  o f  a  p r o j e c t i v e  t r a n s f o r m a t io n  i s  in »  
t r i n s i c  t o  t h e  developm ent o f  p r o j e c t i v e  geom etry .
I n  f a c t ,  p r o j e c t i v e  geom etry  i s  o f t e n  d e f in e d  to  be 
t h e  geom etry  i-h ich  i s  concerned  w i th  th o s e  p r o p e r t i e s  
o f  f i g u r e s  t h a t  a r e  l e f t  unchanged when t h e  f i g u r e s  a r e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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submitted to projective transformations*
One o f  the properties that is invariant with res­
pect to a projective transformation is the separation 
of pairs o f  collinear ^oints* ($,P*119)
I n  th e  second c h a p te r  s e p a r a t i o n  i s  d e f in e d  and th e  
c l a s s i c a l  a n a l y t i c  p r e s e n t a t i o n  o f  s e p a r a t io n  w ith  
r e f e r e n c e  t o  t h e  r e a l  p r o j e c t i v e  p la n e  i s  given* T h is  i s  
fo l lo w e d  by a  s p e c i a l  t r e a tm e n t  o f  s e p a r a t io n  i n  th e  
p r o j e c t i v e  p la n e  i n  te rm s  o f  p o i n t s  i n s i d e  and o u t s id e  o f  
a  conic*  Some o f  t h e  p e c u l i a r i t i e s  o f  th e  r a t i o n a l  
p r o j e c t i v e  p la n e  a r e  d i s c u s s e d  and an  e x te n s io n  o f  
t h e  r a t i o n a l  f i e l d  i s  g iv e n  i n  o rd e r  t o  o b t a i n  a p la n e  
in t e r m e d ia te  t o  t h e  r a t i o n a l  p la n e  and th o  r e a l  ^<lane 
w hich  w i l l  p o s s e s s  t h e  p r o p e r t i e s  n e c e s sa ry  t o  gueirantee 
t h e  theo rem s on s e p a ra t io n *  These th eo re m s , a l th o u g h  
s a t i s f i e d  i n  t h e  r e a l  p la n e ,  do n o t  lîold i n  th e  
r a t i o n a l  nl^.ne* F ln r l l y , an  cxaraole o f  s e p a r a t io n  io  
g iv e n  i n  a f i n i t e  p la n e  i n  o r d e r  to  d e rao n s tra te  th e  
i d e a s  by means o f  c o n c re te  exaiipl'-
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CHAPTüft 11 
SEPARATION IN THE REAL P.-sOJKCTIVE PLAICE
I n  E u c l id e a n  geom etry  o n ly  one p o in t  i s  r e q u i r e d  
t o  d iv id e  a  l i n e  i n t o  two p a r t s .  However, es t  e n t i a l l y  
two p o i n t s  a r e  used* One p o in t  i s  a  f i n i t e  p o in t ,  
w h i le  th e  o t h e r  i s  t h e  i d e a l  p o i n t ,  o r  th e  s o - c a l l e d  
p o in t  a t  i n f i n i t y *  The i d e a l  p o in t  i s  a c t u a l l y  a  non­
e x i s t e n t  m e t r i c  n o i n t .
I t  i s  i n t u i t i v e l y  c l e a r  t h a t  t h e s e  r e s u l t s  do n o t  
h o ld  i n  p r o j e c t i v e  geometry* A l i n e  has  become a  c lo se d  
l i n e  w ith  t h e  i n t r o d u c t i o n  o f  th e  i d e a l  e lem en ts  and 
may be s a id  t o  have no b e g in n in g  and no end* T iie re fo re ,  
i t  can no t be s a i d  t h a t  one p o in t  s e p a r a t e s  a  p a i r  o f  
p o i n t s  such a s  t h e  %x)int A s e p a r a t in g  th e  p o in t s  E and 
C, f o r  th e y  a r e  n o t  s e p a r a te d  on th e  segment ABC. ( f i g . l )
F . ,  *
(A c i r c u l a r  d iag ram  i s  u sed  vhien d e a l in g  w i th  th e  p o in t s  
on a  s i n g l e  l i n e .  T .:is  does  n o t  mean t h a t  th e  l i n e  i s  
b e n t  b u t  m ere ly  em phasizes  th e  f a c t  t i i a t  th e  l i n e  i s  
c l o s e d . )
Thus i n  p r o j e c t i v e  geom etry , one sp eak s  o f  th e  
s e p a r a t i o n  o f  p a i r s  o f  p o in t s ,  such a s  th e  p a i r  o f  p o in t s
8 .
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A, B s e p a r a t i n g  t h e  f a i r  C, D* ( f i g * 2)
Fig* 2 ^
T h is  i n t u i t i v e  n o t io n  o f  s e p a r a t i o n  can be 
c o n s id e re d  from a n  a b s t r a c t  p o in t  o f  view* C o n s id e r  a 
r e l a t i o n  "//** c a l l e d  s e p a r a t i o n ,  which s h a l l  be s u b je c t  t o  
t h e  fo l lo w in g  axiom s o f  o r d e r :  ( 5 , P .119)
F o r any f i v e  d i s t i n c t  c o l l i n e a r  p o in t s  A, B, C, D and X, 
( ! )  I f  A and B se i^a ra te  C and D, th e n  A and 
B s e p a r a t e  D and C, t h a t  i s ,  i f  AB//CD, th e n  AB//DCJ 
( i i )  I f  AB//CD th e n  A and C do n o t  s e p a r a te
B and D;
( i i i )  AB//CD o r  AC//BD o r  AB//EC;
( iv )  I f  AB//CD and AC//BX th e n  AB//DX;
(v) I f  AB//CD and ABCDÂA»B»C»D» (A,B,
0 and D a r e  p r o j e c t l v e l y  r e l a t e d  to  A*, B*, 0* and D*) 
th e n  A»B*//C*D**
These exioras e x p r e s s  o b v io u s  p r o p e r t i e s  o f  p o in t s  
a r r a n g e d  round a  c i r c l e *  (fi,^*3)
F i g . 3 0
A
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An example o f  t h i s  s e p a r a t i o n  r e l a t i o n  can be 
f o r m i l e t e d  i n  t h e  r e a l  p r o j e c t i v e  p la n e .
V.'e have see n  how a  p r o j e c t i v e  p la n e  can  be con­
s t r u c t e d  from a  f i e l d .  I n  p a r t i c u l a r ,  i f  F i s  th e  f i e l d  
o f  r e a l  num bers, th e n  th e  p o i n t s  a r e  e q u iv a le n c e  c l a s s e s  
o f  o rd e re d  t r i p l e s  o f  r e a l  num bers. T h is  p la n e  i s  th e  
r e a l  p r o j e c t i v e  p la n e .  The re m a in d e r  o f  t h i s  s e c t io n  
w i l l  d e a l  w i th  t h i s  p la n e .
D e f i n i t i o n .  The cr o s s  r a t i o  i s  a  f u n c t i o n ,  
ii(AB:Ch) o f  four* c o l l i n e a r  p o in t s  such t h a t ;
R(/iB:Ci;) = ( a - c )  (b -d )  f  (a -d )  (b -c  )
Where t h e  p o i n t s  A ,E ,C , and D a r e  r e p r e s e n te d  by t h e i r  
ncnhomogeneous c o o r d in a te s  a , b , c  and d r e s p e c t i v e l y .
In  homogeneous c o o r d in a te s ,
H{ AB » CD ) — C 2^1 )  ̂ 2^1 ) T ̂  ̂ 1*^2*” ^2^1  ̂  ̂̂ 1®2*"^2®1 ^
where A « )# B = ( b ^ jb ^ ) ,  C = c ^ ,  c^) and D«{d^,
Some o f  th e  p a r t i c u l a r  p r o p e r t i e s  o f  th e  c ro s s  r a t i o  
o f  f o u r  c o l l i n e a r  p o in t s  which w i l l  h e lp  t o  show t h a t  
s e p a r a t i o n  can be d e f in e d  i n  te rm s  o f  th e  c ro s s  r a t i o  
i n  t h e  r e a l  p r o j e c t i v e  p la n e  a r e ;
(1) I f  d (A B îC D )= r- (a -c ) ( b - d ) J { a - d ) ( b - c )  th e n ;
R(AB;DC)s l i r  
P ro o f  ; h(Ab:L€) = (a -d  b -c )  J  ( a - c ) ( b - d )
z ( a - c j ( b - d J f  l a - d j  ( b ^ )
= l i r
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(2) I f  l i i kLîC' ù)  * r ,  then . . { LCi hi } )  » 1 •  r  
ETPPXs rc(AC:.Xf) = {a»b)(c-*d) & {eM^)Cc-b)
« (c-b)td-c) » (b»c)
• (ac-ac«"bd-4bc) ^ ia-ci)(b»c) 
“ {ab*-a c-Klb+bc«^ui+ed+ cd -cd  J J  (a - ^  ) ( b ^ c }
* |a ( b - c )  - d t b - c )  **»*;b-cD +c( b - d j  J  (a -d .i(b » c )
56 ^ 8 —d ; ( b—G i *“ ( a»C / (b»*ci jj •• :/ ,• >, b - C .
■ s  {a-*-d;(b-c) J  ib»c) «■ ( a - c h b - U ;  * b -c )
= 1 -  r
(3 ) If :L̂ ...; œ r, tbon ..uÛ siî j # (r-1) J r
f  : "(A: îCli) a  (a -b '. i- i-c )  $ ( a - c )  W *b)
s  (ad««a-c-bb+!>c) J  ( a - c ){ c -b )
— {—ii.Uf'ac+cb—bc ) y Ca—c ) ( b—U )
s  (ab -p .d -bc-ab+ ae+ b d-oc , J  U î - c ) 'b - c .
« Q a - c )  i b - d i - ( a - d )  *'b~c |j a  (a -c .  (b -d )
a Fa—c ) (b— .1 j  — } {b—c Jl » (C’.—d . ! c ;
L ( a —<i,;  ̂ b —C ,- _j . a —c, ' c ,
as —c  / ( b —C / — x |  — { a —C ) \ b —t; /
L ) i b - c , J  (a -d  ) i b -c  ^
a (r-1) i  r
(4 ) I f  ii.(Ai>!Ci ) -  c ,  tb c n  A ,i. ,C and L a r e  n e t  a l l  
diatiiict points•
.‘T o c f î  bupv:osa . .i.U :CD ,Zo, t  en  ' a - c  ) ; b - d } «0 which
~ y* -  '^  *■ y  ‘ • v - » r -  -V1 ̂  **1A * _/
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im p l ie s  t h a t  a = c; b * d o r  both*
(5) I f  R(AB: CD)= 1 th e n  A,B,C and D a r e  n o t  a l l  d i s t i n c t .
P ro o f  ; I f  R(..D;CD) = 1 th e n :
( a - c ) ( b * d  a  1  
{a—d )'( b —c
o r ,  ( a - c ) ( b - d )  = ( a - d ) ( b - c )
o r ,  ab*»ad-bc4cd « ab -ac-bd + cd
o r ,  a c -a d  b d - b c -*• 0
o r ,  a ( c - d )  - b ( c - d )  » 0
o r ,  ( a - b ) ( c - d )  = 0 i ;h ich  im p l ie s  t h a t
a  w b j c -d  o r  bo th
D e f i n i t i o n :  AE/CD (re ad  A, L, s e p a r a t e s  C,D; i f  and
o n ly  i f  ii(AB:CD) s  r  i s  n e g a t iv e *  (7 ,P*50)
vie s ' l a l l  snow t h a t  t h i s  d e f i n i t i o n  s a t i s f i e s  t h e
f i v e  p r o p e r t i e s  o f  s e p a r a t i o n  a s  p re s e n te d  i n  th e  p r e ­
v io u s  d i s c u s s io n  and t h a t  th o  r e l a t i o n  " /  ^ i s  
p r e c i s e l y  th e  r e l a t i o n  ” / / " •
P ro o f :  ( i )  I f  K(AB:CD) = r  t i .e n  ihAEzDC )= I f r  by
p r o p e r ty  (1) o f  c r o s s  r a t i o s *  I f  r  i s  n e g a t iv e ,  th e n  
l - f - r  i s  a l s o  n e g a t i v e ,  and  i t  f o l lo w s  t h a t  i f  Ah /  CD 
th e n  AJ3 /  DC.
( i i )  I f  h(AB:CD) = r  th e n  iED)= 1 - r  
by p i 'o p e r ty (2) o f  c r o s s  r a t i o s *  I f  r  i s  n e g a t iv e  
th e n  1 -  r  w i l l  be p o s i t iv e *  T h is  im : l i e s  t h a t  i f  
AB /  CD, th e n  A and C do n o t  s e p a r a te  B and D.
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( i i i )  I f  A, B, C and D a r e  d i s t i n c t  p o in t s
t h e n :  (a )  xi{Ah:CD) = r
(b) ii(AC:LD) = 1 -  r
(c )  R(AD:BD} = ( r  -  1 ) -h r  and  one o f  t h e  above
m ust be n e g a t iv e *  I n  order- to  e s t a b l i s h  t h i s ,  t h r e e  e s s e s  
m ust be  c o n s id e r e d ,  nam ely , r  n e g a t iv e ,  r  between zero  and 
1 ,  r  g r e a t e r  t h a n l .  I f  r  i s  n e g a t i v e ,  th e n  {a) I s  
n e g a t i v e .  I f  r  i s  betw een 0 and 1 ,  th e n  (C/ i s
n e g a t iv e *  I f  r  i s  g r e a t e r  t i ian  1 t h e n ,  (bi i s
n e g a t iv e .
A l l  p o s s ib l e  v a lu e s  o f  r  have been c o n s id e re d  
save  t h e  e s s e s  where r  » 1 and r  « 0* However, th e  
a s su m p tio n  t h a t  A, B, C and D a r e  d i s t i n c t  p o in t s  
p r o h i b i t s  r  from t a k i n g  on th e  v a lu e s  0 o r  1 .  This 
f o l lo w s  from  p r o p e r t i e s  (4) and (5) f o r  c r o s s  r a t i o s *
The above argum ent i s  s u f f i c i e n t  t o  show t h a t  
e i t h e r  AB /  CD o r  AC /  BD o r  AD /  EC*
( iv )  I f  R(AB:CD) i s  n e g a t iv e  and i f  R(AC;BX)
i s  a l s o  n e g a t iv e ,  t h e n  i t  can be shoim t h a t  )UAB:BX) 
i s  n e g a t i v e .  To e s t a b l i s h  t h i s  f a c t  c o n s id e r  th e  
fo l lo w in g  r e l a t i o n :
(a -d )  (b -c  j ( a - c j ( b - x j  (a -x )  ( b - i . ,
I f  a ,  b ,  c ,  d and x  a r e  th e  nonhoicog.neous coo ru in a .te s
o f  f i v e  d i s t i n c t  p o in t s  A, B, G, C and X, th e n  th o
above  r e l a t i o n  s t a t e s  t h a t :
iU/w'rCr) . w(;J;:XCj . aUB:*.X; = 1 .
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S in c e  liU.C: 1%, i s  ne/^citive b;. a s s u n p t io n ,  th e n  by 
Axioms (1) and  ( i i ) ,  h(AB:%C) i s  p o s i t i v e .  u{Ai,:Cjü) 
i s  a l s o  n e g a t iv e  by a ssu m p tio n  end th o r e é o r e  
m ust be n e g a t iv e #  T h is  f a c t  f o l lo w s  from t h e  above 
i d e n t i t y  s in c e  t h e  p ro c u c t  o f  t h e  t h r e e  c r o s s  r a t i o s  
m ust be a p o s i t i v e  number. A l l  o f  t h i s  can be s t a t e a  
a s  fo l lo w s  ; I f  AB /  CD end AC /  th e n  AB /  DX,
(v) I f  ù(AD:CD) i s  n e g a t iv e  and ABGDÂA*b*G*D*, 
th e n  xL(AV.*:G’ f  ) i s  n e g a t iv e ,  s in c e  th e  c r o s s  r a t i o  
i s  i n v a r i a n t  u n d er  p r o j e c t i v e  tr.: n s fo im a t io n s ,  ( u , P , l t l  ) 
T h is  co m p le te s  th e  p ro o f  t h a t  t h e  axiom s f o r  
s e p a r a t i o n  a r e  s a t i s f i e d  when s e p a r a t io n  i s  d e f in e d  
i n  te rm s  o f  th e  c r o s s  r a t i o  o f  f o u r  d i s t i n c t  c o l l i n e a r  
p o i n t s  i n  t h e  r e a l  p r o j e c t i v e  p la n e .  A c tu a l ly ,  i n  
t h i s  case  i t  i s  n o t  n e c e s s a ry  to  r e s t i * i c t  t h e  
a p p l i c a t i o n  t o  th e  l e a l  p r o j e c t i v e  p la n e .  I t  i s  
o b v io u s  t h a t  t h e  r a t i o n a l  p r o j e c t i v e  p la n e  would 
have woiked a s  w e l l . I t  i s  p o s s i b l e ,  however, to  
p h ra s e  th e  d e f i n i t i o n  i n  such  a  i/ay a s  to  exc lu de  
th e  r a t i o n a l  p l a n e .
In  th e  r e a l  f i e l d  a l l  n e g a t iv e  numborc e r e  non- 
s q u a re s  and a l l  p o s i t i v e  n 'u a te rs  a r e  s q u a re s .  Thus 
t h e  d e f i n i t i o n  f o r  s e p a r a t io n  o f  f o u r  d i s t i n c t  
c o l l i n e t r  p o in t s  i n  th e  r e a l  p la n e  co : lu  have been
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s t a t e d  a s  f o l lo w s :  AB /  CO i f  and o n ly  i f ,
P.(AO:CO) = r  i s  a n o n -sq u a re .  By m ere ly  r e p la c in g  
t h e  vo rd  n e g a t iv e  by t h e  word n o n -sq u a re  t h e  p re v io u s  
d i s c u s s i o n  w i l l  fo l lo w  th ro u g h  i n  e x a c t ly  t h e  same 
way, how ever, t h i s  d e f i n i t i o n  e x c lu d e s  th e  r a t i o n a l  
p r o j e c t i v e  p la n e  s in c e  i n  th e  r a t i o n a l  f i e l d  no t a l l  
p o s i t i v e  numbers a r e  s q u a r e s .  That i s ,  t h e r e  a r e  
p o s i t i v e  numbers i n  th e  r a t i o n a l  f i e l d  t h a t  a r e  n o t  
s q u a re s  o f  r a t i o n a l  num bers•
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A ty^j© o f  s e p a r a t i o n  can be d e f in e d  w i th  
r e f e r e n c e  t o  a  n o n -d e g e n e ra te  c o n ic  i n  th e  p r o j e c t i v e  
p la n e  o v e r  a  f i e l d  £ •  I t  m igh t be w e l l  to  c a l l  t h i s  a 
p s a a d o - s e p a r a t io n ,  i n  a s  much a s  i t  s p e c i a l i z e s  i n  a 
way, th a  c l a s s i c a l  s e p a r a t io n  d i s c u s s e d  i n  th e  p r e ­
v io u s  s e c t i o n .
De f i n i t i o n , The lo c u s  o f  p o in t s  whose c o o r d in a te s  
s a t i s f y  an  e q u a t io n  o f  t h e  form
ax~ 4- by^-f- cz^ + di:y + sy z + fx z  = C 
where t h e  c o e f f i c i e n t s  a r e  n o t  r 11 z e r o , i s  a  con i c . 
Def i n i t i o n ,  I f  ax^-4- by '-+  cz^4-cb:y+ ays 4- fx z  = G 
re d u c e s  to  l i n e a r  f a c t o r s  which r e p r e s e n t  a p ,a lr  o f  
s t r a i r / . t  l i n o s ,  a  p o in t  o r  two c o in c id e n t  l i n e s ,  th e n  
th e  e q u a t io n  i s  s a id  to  r e p r e s e n t  a  d e g e n e ra te  c o n ic .  
Def i n i t i o n ,  The pol a r  o f  a  p o in t  h = , y ^ , z . )
w i th  r e s p e c t  t o  a CvUxc k ( x , y , z ,  = 0 i s  g iv e n  by th e  
equatiorT ,
axx  dy%,+ by%+ ey%. +  f z x y  ezy;,f. c z z ,  = 0
?  X % 2 2
D e f in i t io n *  The p o le  o f  a l i n e  i s  t h a t  ;>oint 
’. .h ich  has th e  l i n e  a s  i t s  p o l a r .
I t  can be s:.own t h a t  ih e  p o la i  o f  a p o in t  P w ith  
w i th  r e s p e c t  t o  a  co n ic  p a s s e s  twrcu.ph th e  'o in t s  o f
1 6 .
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c o n t a c t  o f  th a  tan n ;en ts  to  th e  co n ic  th ro u g h  r ,  i f  
such  t a n g e n t s  e x i s t ,  and th e  p o le  o f  a  l i n e  L u i t h  
r e s n e c t  to  a  co n ic  i s  on th o  t a n g e n t s  to  th e  co n ic  a t  
t h e  p o i n t s  In  e h ic h  L m eets  th e  c o n ic ,  i f  such p o in t s  
e x i s t ,  (n ,P .1 2 1 )
De f i n i t i o n .  L et ^  be a  p r o j e c t i v e  p la n e  o v e r  th e  
f i e l d  F . L e t  7 :{x ,y ,s )  = 0 be a  n o n -d e g e n e ra te  co n ic  
i n  2  r e p r e s e n t e d  b%r th e  e q u a t io n
A , % a
a x  + by + C2 -f-dxy + ey z 4- fx z  » 0*
I f  A i s  any p o in t  m aich l i e s  on two t a n g e n t s  to
C ;(x ,y ,z )  = 0
th e n  A i s  s a i d  to  be e x t e r i o r  t o  Q (x ,y ,z )  « Oj i f  A 
l i e s  on no t a n g e n t s ,  th e n  A i s  s a id  t o  be i n t e r i o r  t o
U(x,%f,z) » 0# (4)
I t  w i l l  be n o te d  t h a t  t h i s  d e f i n i t i o n  a p p l i e s  j u s t  
a s  w e l l  to  a p p r o p r i a t e  f i n i t e  p l a n e s .
Theorem 1 .  L e t F be a f i e l d  n o t  o f  ch a r a c t e r i s t i c  
two U'ith t h e  fo l lo w in g  p ro p e r t i e s  : F c o n ta in s  s q u a re s ;
t h e  p ro d u c t  o f  t wo non-sq u a r e s  i s  a sq uare  and th e  
p ro d u c t  o f  a non- s q u a r e  and a  so u a re  i s  a  n o n -sq u a re .
L e t (1 (x . y .  z / = 0 be a  nonde.gonera te  co n ic  in  t h e p l aner
o v e r  F . th e n  ever y  po i n t  no t  on Q(x^VyZ)-=iO i s  e i t h e r  
i n t e r i o r  o r  e x t e r i o r  t o  0.( x .v .z } «  0 .  I f  t h e  p o in t s  P 
w i th  c o o r d in a te s  (:C2 ,y%,z%) f o r  which Q (x i ,y i ,z % )^  0 a r e  
q i v i a e d i n t o  two cl a s s e s  i n  a c c o rd an ce  w i th  w hether 
;̂ (X i , Y i , Zf ) i ^  o r  i s  n o t  a sq u a re  ̂  th e n  a l l  th e  e x t e r i o r
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jy> in ts  w i l l  be i n  one c l a s s  and a l l  o f  th e  I n t e r i o r  
. l ^ i n t s  w i l l  be i n  t h e  o t h e r .
P r o o f Î C o n s id e r  a  c o n ic  whose e q u a t io n  i s ,
Q ( x ,y ,z )  « by%- cz% dxy  + eyz + f x z  = 0 
which g o es  th ro u g h  any  two p o in t s  P and  R. S in ce  
any  two p o i n t s  can be mapped i n t o  an]'- o t h e r  two p o in t s  
by a  p r o j e c t i v e  t r a n s f o r m a t io n ,  t h e r e  i s  no l o s s  o f  
g e n e r a l i t y  i f  we l e t  P = ( 0 ,0 ,1 )  and R = ( 1 , 0 , 0 ) .
The co n ic  w i l l  th e n  t a k e  t h e  fo rm ,
Q (x ,y ,z )  = b y V d x y  e y a + f x a  =C>, s in c e
Q { 0 ,0 ,1 )  = c = 0 and 0 ( 1 ,0 ,0 )  = a  = 0 .
I f  (x « ,y o ,Z o )  i s  a  p o in t  i n  th e  p r o j e c t i v e  p la n e  
t h e n  th e  p o l a r  o f  th e  p o in t  w ith  r e s p e c t  t o  Q (x ,y ,z )=  0 i s ,  
I p  = dxy ,+  byy, +  ^yx* +  ̂ y z .  +  ezy .+  fzx* = 0 o r ,
Ip  - (d % f-  f z ,  )X f (2by,+  dXo-re2w }y-»-(ey« + f x .  )z = 0 
By d e f i n i t i o n  a p o in t  i s  e x t e r i o r  to  th e  con ic  
i f  i t  l i e s  on two t a n g e n t s  and i s  i n t e r i o r  i f  i t  l i e s  
on  no t a n g e n t s .  T h is  i n  t u r n ,  im p lie s  t h a t  th e  jx jin t  
i s  e x t e r i o r  to  t h e  co n ic  i f  i t s  p o l a r  i s  a  s e c a n t  l i n e ,  
t h a t  i s ,  i f  t h e  p o la r  i n t e r s e c t s  th e  co n ic  i n  t \ o  
d i s t i n c t  p o in ts *  ( s e e  page i7 ) The u o in t  i s  i n t e r i o r  
i f  t h e  p o l a r  does  n o t  have a  common s o l u t i o n  w ith  t h e  con ic , 
(N o t a t i o n : w i l l  mean th e  i n t e r s e c t i o n  o r  s im u l­
ta n e o u s  s o l u t i o n  o f )
I f  we t a k e  Lp = C / I  L '(x ,y ,z )  = 0 , we g e t
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b y 2 + d x y + ey  f - jdy. +  f z .  )|_-(gby. ±  dx.+e&. jv l  
L  ey; + Ac# -J
+ r_ " ( dy, _-f_ f  Zo )y r  ( 2by,± dx # +• ez# ) y) = 0
L  % +  fxo -/
p ro v id e d  ey ,f-  Ac* ^  0
I f  væ w r i t e  t h i s  e q u a t io n  a s  a  q u a d r a t i c  i n  y 
we h av e , y^(bfx«  ->bey, -edx^ -e^z#  ) f 2 y (-e fxz#  -bfxy» )
+  [(-fx^(dy*-f- fz# j) = 0 .
The d i s c r im in a n t  D o f  t h i s  q u a d r a t i c  i s ,
D = 4 { c ^ f ^ H -  2 e f %  z« +  b^f^x^yi*^ )
t 4 f x ^  (dy#+ fZo ) (bfXo-bey# -edX o- )
w hich  becomes, D=4x‘**f Ĵ by«,  ̂ ( b f -d e )  f d x .y ,  (b f-deH -ey . Zo(bf-cle)
+  fXoZ# (b f -d e ) ]
•4 x * f  {b f -d e  ) ( b y /  + dx#y#+ ey, z# +  fx#  z # )
= 4 x ^ f (b f -d e )  Q(x#,y» ,Zo)
I f  I) i s  z e r o ,  th e n  th e  p o l a r  l i n e  i s  t a n g e n t  to  
t h e  co n ic  and th e  ]x>int ( x ^ ,y ^ ,z ^ )  i s  on t h e  c o n ic .
T h a t i s ,  i f  q (x# y„Z o) = 0 th e  above s ta te m e n t  holds*
D % 0 i f  X = 0 o r  f  « 0 o r  b f - d e  « 0 a© w e l l  a s  i f
0 ,  however, u n d e r  th e  c o n d i t io n s  o f  o u r  
th e o re m , th e  f i r s t  t h r e e  c a s e s  n o te d  above a r e  
im p o s s ib le  f o r  {1} i f  x O  th e n  t h e  e q u a t io n  d e r iv e d  
from  Lp = 0 / l q ( x , y , z )  » 0 im o l ie s  t h a t  y  » 0 ,  and 
t h e r e f o r e  (from  Lp = 0) t h a t  ey, + f x .  s  0 o r  z = 0 ,
We have assumed t h a t  ey#+ fx# ^  0 ;  th u s  z -  0 which i s  
im p o s s ib le .
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(2) I f  f  = 0 th e n  Q (x ,3' , z )  c  b y ^ d x y  eyz « o
and  t h u s  0 ( x ,y , z )  = y (by-tdx tcz) » 0 which means t h a t  
C { x ,y ,z}  -  0 i s  d e g e n e ra te  and t h i s  i s  c o n t r a ry  to  th e  
a s s u m p t io n s  o f  t h e  th eo rem .
(3) I f  b f - d e  » 0 an d  f  0 th e n  b = de and
r "
Q (x ,y ,z )  = dey^ f x z  + dxv + evz » 0 o r ,
Q { x ,y ,z )  = (ey+fx) ( d y + f z )  = 0 and Q (x ,y ,z )  = 0
would be d e g e n e ra te .
I f  D i s  a  n o n -z e ro  s q u a re ,  th e n  L = 0 i s  a
P
s e c a n t  l i n e  and (x . ,y #  } i s  o u t s i d e  o f  th e  conic*
I f  D i s  a n o n -s q u a re ,  th e n  Lp -  0 has  no p o in t s  i n  
common w i th  t h e  c o n ic  and th e  p o in t  ( x * , y , , z ^ ) i s  o u t ­
s i d e  o f  th e  c o n ic .
S in c e  4 x *  i s  a  s q u a re ,  no g e n e r a l i t y  i s  l o s t  i f  
t h e  d i s c r im in a n t  i s  w r i t t e n ,
D* -  kC:{xo,y« , z « ) , where k -  f (  b f - d e ) .
I f  th e  p o in t  ( x ,y  ,z  } i s  an  e x t e r i o r  p o in t  D* 
w i l l  be a  sq u a re  and  (a) i f  y ( x ,y , z )  i s  a s q u a re ,  t h e n  
k w i l l  be a  s q u a re .  I f  i s  any o t h e r  e x t e r i o r
p o in t  and s in c e  D» i s  a  sq u a re  and k i s  a l r e a d y  d e t e r ­
m ined by th e  c o n ic  to  be a  squctre, th e n  Q(Xj,y-j. 
w d l l  be a  s q u a re .  Thus a l l  e x t e r i o r  p o in t s  a r e  i n  t h i s  
c l a s s .  I f  (b) Q ( x ,y ,z )  i s  a n o n -s q u a re ,  th e n  k w à l l  be 
a  no n -sq u are*  I f  any o t h e r  e x t e r i o r  p o in t  (Xj^,y^,Sj^j 
i s  t a k e n  and s in c e  D* i s  a  sq u a re  and k i s  a  non-squaro  
f o r  t h e  c o n ic ,  t h e n  ^(x^yy^^z^  ' bo a n o n -sq u a re .
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Thus a l l  e x t e r i o r  p o in t s  w i l l  be i n  t h i s  c l a s s .
I n  any e v e n t  i t  i s  now e s t a b l i s h e d  t h a t  a l l  
e x t e r i o r  p o i n t s  w i l l  be i n  th e  sama c la s s *  Tliat i s ,  
e i t h e r  Q ( x ,y ,z )  i s  a  s q u a re  f o r  e l l  e x t e r i o r  p o in t s  o r  
k ( x , y , z )  i s  a  n o n -sq u a re  f o r  a l l  e x t e r i o r  p o in ts*
An a n a lo g o u s  s t a t e n e n t  can be made f o r  a l l  i n t e r i o r  
p o i n t s  f o r  I f  ( x , y , z )  i s  an  i n t e r i o r  p o in t  th e n  D *  w i l l  
be a  n o n -s q u a re  by d e f i n i t i o n *  Supix>se (a )  t h a t  Q (x ,y ,z )  
i s  a  s q u a re ,  t h e n  k v / i l l  be a  n o n -s q u a re .  I f  any o t h e r  
i n t e r i o r  p o in t  t a k e n ,  D* w i l l  be a  non-
s q u a re  and  s in c e  k i s  a  d e te rm in ed  n o n -sq u a re  th e n  
Q(Xj^,y2 , S i )  i s  a  s q u a re .  T hus , i f  one i n t e r i o r  p o in t  
i s  such t l i a t  Q (x ,y ,z )  i s  a  sq u a re  t h e n  a l l  i n t e r i o r  p o i n t s  
w i l l  have Q ( x ,y ,z )  a  s q u a re .
On t h e  o t h e r  hand, i f  Q { x ,y ,z )  i s  a  n o n -s q u a re ,  a  
s i m i l a r  argum ent w i l l  e s t a b l i s h  t h a t  a l l  i n t e r i o r  p o in t s  
w i l l  have Q (x ,y ,z )  a  n o n -s q u a re .  I n  any  e a s e ,  a l l  i n ­
t e r i o r  p o i n t s  w i l l  be i n  t h e  same c l a s s  w i th  r e s p e c t  to  
a  g iv e n  c n i c .  T hat i s ,  e i t h e r  Q (x ,y ,z )  i s  a  sq u a re  f o r  
a l l  i n t e r i o r  p o i n t s  o r  U { x ,y ,z )  i s  a  n o n -sq u a re  f o r  a l l  
i n t e r i o r  n o i n t s .
I t  i s  now a  s irap le  m a t t e r  to  show th e  r e s u l t  t h a t  
was p o s t u l a t e d .  I f ,  f i r s t  o f  a l l ,  { x ,y ,a )  i s  an  i n ­
t e r i o r  p o i n t ,  th e n  D» i s  a  n o n -sq u a re  and (a ) i f  U i s  a  
n o n - s q u a r e ,  t h e n  i t  w i l l  be a  n o n -sq u a re  f o r  a l l  i n t e r i o r  
p o i n t s  and k w i l l  be a s q u a re .  I f
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i s  any  e x t e r i o r  p o i n t ,  th e n  D w i l l  be a sq u a re  and s in c e  
k lias been d e te rm in ed  a s  a  s q u a re ,  th e n  
w i l l  be  a s q u a re  f o r  any  e x t e r i o r  p o in t*  Thus th e  
p o i n t s  f o r  w hich  Q (x ,y ,z )  /  0 f a l l  i n t o  two m u tu a l ly  
e x c lu s iv e  c l a s s e s  i n  a c co rd an c e  w i th  t h e t h e r  Q (x ,y ,z )  
i s  o r  i s  n o t  a  square*
By a  s i m i l a r  argum ent a l l  o t h e r  c a s e s  b u t one can 
be e s t a b l i s h e d *
A s p e c i a l  s i t u a t i o n  e x i s t s  when t h e  c o e f f i c i e n t  o f  
z  i s  zero# t'owever, b ecau se  o f  th e  symmetry o f  t h e  co­
e f f i c i e n t s  o f  X end a ,  we see  t h a t  L = 0 can be so lv edP
f o r  X and t h e  s im u lta n e o u s  s o l u t i o n  o f  » 0 w ith  
Q { x ,y ,s )  -  0 w i l l  g iv e  a  r e s u l t  s i m i l a r  to  th e  one 
u sed  th ro u g h o u t  t h e  g e n e r a l  d i s c u s s i o n .  That i s ,  t h e  
d i s c r im in a n t  w i l l  be D'* = k * w (X o ,y . ,z * ) .
However, because  o f  th e  l a c k  o f  sy n rie try  i n  t h e  
c o e f f i c i e n t  o f  y  i n  t h e  e q u a t io n  o f  th e  p o la r  l i n e ,  a 
more d e t a i l e d  d i s c u s s io n  i s  n e c e s s a ry  i n  case  th e  co­
e f f i c i e n t s  o f  X and z a r e  b o th  z e ro .  I n  t h i s  c a s e ,  th e  
p o la r  l i n e  r e d u c e s  t o ,
L^« (2 by.-K d x .  +  ez* ) y « 0 s in c e ,  
ey.-f* f x .  =■ 0 and dy* +  fz* -  0 th e n ,  
ez*+ dx* a n d ,  Q (x ,y ,z ^  = by^+ ez-fxy+eyz-e)rj$  z = 0 
and Q (x .y*z«) = b y / +  x^y^-i-ey. ^  = 0
Xo Xo
-  by^ + ey«, z„
K y*(by^ +  e z .  )
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I f  we choose  (x^yoZo) to  be th e  p o in t  (e ^ - f^ d )  th e n ,
ey* +  = - e f - h f e  -  0
ciy«+ fz^=  - d f - h f d  = 0 
ezu  s  ed = dx« and t h u s ,  t h e  p o in t  
(e  , - f ,  d) i s  p r e c i s e l y  t h e  p o in t  t h a t  r e q u i r e s  t h i s  
s p e c i a l  t r e a tm e n t ,
Q ( e , - f , d )  Z - r ( - b f + e d )  s  f { b f - d e )  
s in c e  t h e  p o l a r  o f  ( e , - f , d )  i s  th e  l i n e
Lp = (»2bf ■+d e - I - e d )y  = 0 = (d e -b f )  y  and
s in c e  i f  d e - b f  -  0 ,  t h e  co n ic  v a n i s h e s ,  th e n  1 = 0
Kiust bo th e  l i n e  y & 0 ,  — 0 i n t e r s e c t s  t h e  con ic  i n
t h e  two p o i n t s  P = ( 0 ,0 ,1 )  and U = ( ip p )  and  ( e , - f , d )  
i s  an  e x t e r i o r  p o i n t .  I t  i s ,  t h e r e f o r e ,  l e f t  to  show 
t h a t  ( e , - f , d )  i s  i n  t h e  same c l a s s  a s  th e  o t h e r  e x t e r i o r  
p o i n t s  w i th  r e s p e c t  t o  a  g iv e n  c o n ic .  T h is  fo l lo w s  
im m e d ia te ly  from  th e  f a c t  t h a t  , - f . d) = f ( b f - d e )
w hich  i s  p r e c i s e l y  t h e  c o n s ta n t  k o f  o u r  g e n e r a l  d i s c u s s io n .
The r a t i o n a l  p la n e  i s  exc ludeo  from th e  argum ent 
s in c e  th e  p ro d u c t  o f  tv/o n o n -s q u a re s  i s  n o t  a lw ays a
s q u a re  o f  a  r a t i o n a l  number.
Theorem 2 , L e t F be a f i e l d  h a v in  • t h e  p r o p e r t i e s
o f  t h e  p re v io u s  theorem  and l e t  P and be any  two
di s t i n c t  p o i n t s  In  t he p r o j e c t i v e  p l ane o v e r  F , Let
O f x .v .z )  -  0 be a  n o n -d e rc n e r a tc  con ic  th ro u g h  P and 1 2 .
L et S be th e  s e t  o f  n o :n t s  on P-<. i n t e r i o r  t o  k ( x . v . z ) r  Q
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&nd l e t  be t h e  s e t  o f  ’vo in ts  on PK e x t e r i o r  to
■Q(y..y«_z) 0 .....Then ev e ry  n c n -d e re n e r r r te  cc n ic  th ro u g h
P and  R in d u c e s  t h e  same p a ir  o f  s e t s  S and ex cep t
t h a t  th e  r o l e s  o f  S and may be In te r c h a n g e d .  ( 3 . R201) 
Pr o o f .  L e t P = ( 0 ,0 ,1 )  and R = ( l , c r , 0 ) .  The form  
Q(3C,y,z) = by^+ dxy + ey% + fx z  = 0* avery  p o in t  o f  PH i s  
o f  t h e  form  ( x ,0 , z )  s in c e  a l l  o f  t h e s e  p o in t s  must have 
y = 0 and  th u s  f o r  a l l  o f  th e  p o i n t s  o f  PH, 'itx ,y ,z>5* f x z .  
One o f  t h e  s e t s  S , 8^ th e  s e t  o f  p o in t s  ( x ,C , 2 ) f o r  
w hich  fx z  i s  a s q u a r e ,  t h e  o t h e r  i s  t h e  s e t  f o r  which 
f x z  i s  n o t  a  s q u a re .  I f  a  d i f f e r e n t  co n ic  i s  chosen 
w i th  d i f f e r e n t  v a lu e s  f o r  f ,  tn e n  t h e  same p a i r  o f  s e t s  
S and v / i l l  f o l lo w .
U sing  t h i s  theo rem  and t h e  p r e v io u s  d e f i n i t i o n s ,  i t  
i s  now p o s s i b l e  to  s e t  up a  s e p a r a t i o n  r e l a t i o n  " /  " o f  
p o i n t s  i n  t h e  p la n e .
D e f i n i t i o n .  I f  A, £ ,  C and D a r e  f o u r  d i s t i n c t  p o in t s  
on a  l i n e ,  th e n  i f  f o r  some n o n -d e g e n e ra te  co n ic  Q (x ,y ,z )=  0 
th ro u g h  A and B, one o f  t h e  p a i r  C, D i s  i n t e r i o r  and th e  
o t h e r  e x t e r i o r  t o  t h e  c o n ic ,  th e n  AB /  CD. (3 , P . 201)
By theorem  2 t h i s  r e l a t i o n  i s  in d ep en d en t o f  th e  
c o n ic  chosen  th ro u g h  A and B, p ro v id e d  th e  c o o r d in a te  
f i e l d  h a s  t h e  a p p r o p r i a t e  p r o p e r t i e s .  The f i e l d  o f  r e a l s ,  
and a l l  f i n i t e  f i e l d s  do have t h e s e  p r o p e r t i e s .  The 
r a t i o n a l  f i e l d  does  n o t .
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I f  a  change i s  now made t o  nonhomogeneous 
c o o r d in a te s  by r e p l a c i n g  ( 0 ,0 ,1 )  by 0 ;  ( 1 ,0 ,0 )  b y ^ a n d  
( x , 0 ,s5 ) by X th e n  t h e  s e t  S o f  Theorem 2 i s  th e  s e t  o f  
a l l  p o i n t s  o t h e r  th a n  0 a n d v f o r  which x  i s  a  sq u a re  and 
i s  t h e  s e t  f o r  which x  i s  n o t  a  s q u a re .  S in ce  1 i s
a  sq u a re  th e n  1 i s  i n  S and t h u s :
0^0 /  I X i f  and o n ly  i f  x  i s  n o t  a  s q u a re .
Now any f o u r  p o in t s  x ^ .x ^ ,  x ^ ,x ^  on t h e  l i n e  can be
made t o  co r re sp o n d  to«»^, 0 ,  1 and  th e  c r o s s  r a t i o  o f
( i n  t h e  o r d e r  g iv e n )  by a  p r o j e c t i v e  t r a n s ­
f o rm a t io n .  ( 6 , P .160) I t  fo l lo w s  t h a t  ^ 1 ^ 2  /  ^3^4 i f  
and  o n ly  i f  t h e  c r o s s  r a t i o  i s  n o t  a  s q u a re .
U sing t h e  above com parison , t h e  p re v io u s  r e s u l t s  
deve loped  f o r  t h e  c r o s s  r a t i o ,  theorem ^ and t h e  f a c t  
t h a t  s e p a r a t io n  i s  i n v a r i a n t  u n d e r  a  p r o j e c t i v e  t r a n s ­
fo r m a t io n ,  [ t h a t  i s ,  ev e ry  p r o j e c t i v e  t r a n s f o r m a t io n  
o f  a p la n e  c a r r i e s  a  co n ic  i n t o  a , c o n ic  and c a r r i e s  
i n t e r i o r  ( e x t e r i o r )  p o in t s  i n t o  i n t e r i o r  ( e x t e r i o r )  
p o i n t s j  i t  f o l lo w s  t h a t  p s u e d o - s e i ^ r a t i o n  i s  i d e n t i c a l  
w ith ' th e  s e p a r a t i o n  d e f in e d  on page 1 5 . T h is  w i l l  n o t ,  
how ever, be th e  c a s e  i n  f i n i t e  p la n e s  a s  w i l l  be deiTion- 
s t r a t e d  i n  t h e  l a s t  c l ia p te r .
I n  g e n e r a l ,  how ever, i f  P i s  a  p la n e  o v e r  a f i e l d  
F s a t i s f y i n g  Theorem 2 th e n  o u r  p s u e d o - s e p a r a t i c n  /  
d o es  have th e  f o l lo w in g  p r o p e r t i e s :  ( 3 , P . 201)
(a )  i f  AB /  CD th e n  AB /  CD, and CD /  AB;
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(b) Any two p o in t s  P and  R p a r t i t i o n  th e  p o in t s  
o f  a  l i n e  PR i n t o  two d i s j o i n t  s e t s  S and such t h a t  
P ,R  s e p a r a t e  e v e ry  p o in t  o f  S from  e v e ry  p o in t  o f
and  P , K do n o t  s e p a r a t e  any  p a i r  o f  p o i n t s  which a r e  
b o th  i s  S o r  b o th  i s
(c )  AB /  CD i s  and  o n ly  i f  t h e  c r o s s  r a t i o  o f  th e  
fo u r  p o i n t s  i s  n o t  a  s q u a re .
(d) Tvk> p o i n t s  o f  i n t e r s e c t i o n  o f  a  s e c a n t  l i n e  
s e p a r a t e  t h e  i n t e r i o r  p o in t s  on th e  s e c a n t  l i n e  from 
th e  e x t e r i o r  p o i n t s  o f  t h e  s e c a n t  l i n e .
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CîlAPTza IV
Sr.PA£ATIOH m  Tim ÜATICHAL PLUJiL 
AKD lii THü iULüii Aim COl-IFASo PLANE
C o n s id e r  a g a in  t h e  r a t i o n a l  p r o j e c t i v e  p la n e .
I t  h a s  been  n o te d  t i i a t  i f  s e p a r a t i o n  i s  d e f in e d  i n  
te rm s  o f  t h e  c r o s s  r a t i o ,  t h a t  i s ,  w h e th e r  o r  n o t  th e  
c r o s s  r a t i o  i s  n e g a t iv e  o r  p o s i t i v e ,  th e n  th e  axioms 
on page 9 a r e  s a t i s f i e d .  I t  was a l s o  n o te d  t h a t  t h e  
r e l a t i o n  d o es  n o t  h o ld  i f  any  o f  t h e  o t h e r  d e f i n i t i o n s  
u sed  i n  t h i s  p a p e r  a r e  chosen* These d e f i n i t i o n s  h inged  
upon t h e  fo l lo w in g  p i o p e r t i e s  o f  th e  c o o r d in a t i z in g  
f i e l d s  : (a )  t h e r e  e x i s t  s q u a r e s ,  (b) th e  p ro d u c t  o f  t»vo 
s q u a re s  i s  a  s q u a re ,  (c )  t h e  p ro d u c t  o f  a  n o n -sq u a re  and 
a  s q u a re  i s  a  n o n -sq u a re  an d  (d) t h e  p ro d u c t  o f  two non- 
s q u a re s  i s  a  s q u a re .
S in ce  a l l  o f  t h e  above p r o p e r t i e s  a r e  n o t  n e c e s s a r i l y  
t r u e  i n  th e  r a t i o n a l  f i e l d ,  t h e n  any  theorem s o r  
d e f i n i t i o n s  d ep end in g  upon t h e s e  p r o p e r t i e s  w i l l  
o b v io u s ly  n o t  h o ld .
I t  i s  i n t e r e s t i n g  t o  c o n s id e r  w hat happens i n  th e  
r a t i o n a l  p la n e  i f ,  f o r  i n s t a n c e ,  th e  p s u e d o -s e p a ra t io n  
i s  u s e d .  In  p a r t i c u l a r ,  we v d .l l  a g a in  c o n s id e r  th e  case  
w here Q (x ,y ,z )  = 0 i s  a  co n ic  th ro u g h  th e  p o in t s  P={ 0 ,0 ,1 )  
and  R •  ( 1 , 0 , 0 ) .
The d i s c r im  in an t  studied was D^%Q{x* ,y^ , . z j  #
If k is a perfect square, then T -  { x ,y ,a )  is an exterior
27.
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p o i n t  i f  Q { x ,y ,z )  i s  a  p e r f e c t  squai-e. I f  k i s  n o t  a 
p e r f e c t  s q u a re ,  t h e n  T i s  an  e x t e r i o r  p o in t  i f  kQ {x ,y ,z ) 
i s  a  p e r f e c t  square*  T hat i s ,  i f  Q (x ,y ,z )  i s  a  p e r f e c t  
s q u a re  d iv id e d  by k .
Supï>ose t h e r e f o r e ,  t h a t  k Q (x ,y ,z )  i s  a  p e r f e c t  
s q u a re  and  c o n s id e r  th e  p o in t  T» « (x » ,y * ,a * )*  I f  
D» = kQ {x» ,y* ,z* ) and  i f  Q (x * ,y » ,a » )  2 Q { x ,y ,z )  i s  a  
p e r f e c t  s q u a re  th e n  D» i s  a  p e r f e c t  sq u a re  t im e s  th e
q u a n t i t y  Q (x » ,y » ,a » )  ^ Q ( x ,y , s )  which i s  a p e r f e c t
square*  T h e r e f o r e ,  k Q (x * ,y * ,z * )  i s  a p e r f e c t  sq u are  
and  t h e  p o in t  T* i s  a l s o  e x t e r io r *  Thus, i f  T i s  
e x t e r i o r ,  t h e n  T* i s  e x t e r i o r  i f  Q ( x ,y ,a )  and q (x » ,y » ,z M  
a r e  i n  th e  same c l a s s ,  t h a t  i s ,  th e  c l a s s  such t h a t
Q {x* ,y> ,z*) & Q ( x ,y ,z )  i s  a p e r f e c t  sq u a re  Q (x ,y ,z )
and Q ( x * , y * ) a r e  n o t  n e c e s s a r i l y  p e r f e c t  sq u a re s )*
Suppose f u r t h e r  t l i a t  x* ',y” , z ” ) i s  a l s o  a
p o in t  i n  t h e  rational plane b u t  t h a t  Q (x " ,y " ,z " )& (Q (x ,y ,z )  
i s  n o t  a  p e r f e c t  square*  I n  t h i s  c a se  D*skQ{x” ,y ” , z " )  
w hich  i s  8 p e r f e c t  sq u a re  t im e s  t h e  q u a n t i t y  Q(x*^,y",z" 
Thus D’ Viill be a  n o n -s q u a re  an d  T” i s  n e t  an  e x t e r i o r  
p o in t*
I f  a n o th e r  co n ic  i s  ta k e n  t i iro u g h  t h e  p o in t s  P and 
R th e n  t h e r e  w i l l  be a  d i f f e r e n t  v a lu e  f o r  k and v { x ,y ,z )  
and d i f f e r e n t  c l a s s e s  o f  p o i n t s  w i l l  be e x t e r i o r  and 
d i f f e r e n t  c l a s s e s  i n t e r i o r *  However, t h e s e  c l a s s e s  w i l l  
n o t  n e c e s s a r i l y  have t h e  same r e l a t i o n  t o  one an o th e r*
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th e  problem Itself into tW
follow, nr situations in the rations! ],ixsjectivo pic.no 
n l i n e  ' - H i  n o t  bo a s o l i d  o trco k ^  b u t  t i l l  W va b o le s  
i n  I t #  Th@ r-ano Bitnotion t-ill hold  f o r  <»nlcs# A 
l i n e  o f  th e  ty p e  llluotrntod m y  to u ch  t h e  c o n ic
i.nd t h e r e f o r e  w i l d  be cn  exterior l i n e #  : ovmve'. ,  t h e r e  
my be T 'o in ts  on t h i s  l i n o  that are in te i^ io r*
th e r e  a r e  many other pecu liar s itu a tio n s  in  th e  
ra tio n a l plane* The above niuTuuento have been niven  
80 i ' & t o  detenu ,ne coao o f  tivo c:u;oeduonco*3 iP.on conics*  
m v c ir a tlo n  nnci t h e  id e a  a o f  e x t e r i o r  and i n t e r i o r  
I o i n t  3 a r c  c no id  o r  ed ^^Ith r e f e r e n c e  t o  t h e  r a t i o n a l  
r ln n e#
Since c'-.a- ecpcntitlon rolrrcions ho it; in  th - ret 1 
plcne but not In the rntlorj&l pic no then lu ti-.cre an 
in ton iio fiiitc  p c c c lb ill iy ?  Can the ra tio n a l f l  .Id 
b'j ca t ended in  such a cry tlsnt wo not c f ic lu  i.'uero the  
prcK.uct o f  t ’w  ïiï,ui~sulitres la  a stpuoi'c; a i'le lv  w..ore 
a l l  o f  the p o s it iv e  Hotu-nta aro Gci^reo?
Consider t h e  s o t  o f  a l l  nuiubi.ro which ct.u bo
o b t a in e d  f i 'c p  0 and 1 by a f  .n i t o  o .u ibor c i  r a t i .u u a l  
operaim :’; r nd ouctiT-C'Cione o f  gt us. o roOtc# 'i i s  s e t
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o f  noiabers c l e a r l y  s a t i s f i e s  th e  c o n d i t io n s  f o r  a  
n-umber f i e l d  a s  p r e s e n te d  i n  C h ap te r  1 .  The norabers 
common to  two f i e l d s  form  a  f i e l d  ; hence th e  numbers 
common t o  t h i s  f i e l d  and  t h e  f i e l d  o f  r e a l  numbers 
a l s o  form  a f i e l d .  T h is  nev/ f i e l d  we s h a l l  c a l l  t h e  
R u le r  and Compass F i e l d .  I t  p o s s e s s e s  t h e  p ro p e r ty  
t h a t  a l l  p o s i t i v e  e le m e n ts  a r e  sq u a re s  and a l s o  th e  
p r o p e r t y  t h a t  t h e  p ro d u c t  o f  any  tv/o non-squa.res  i s  
a  s q u a r e .
T h e r e fo r e ,  t h e  R u le r  arid Comp a s s  F i e l d , v/hich i s  
a n  e x te n s io n  o f  t h e  r a t i o n a l  f i e l d  and which c l e a r l y  
i s  n o t  a s  * la r g e *  a s  th e  r e a l  f i e l d ,  i s  a  f i e l d  wiiich 
w i l l  p roduce  a  p r o j e c t i v e  p la n e  s a t i s f y i n g  a l l  o f  th e  
c o n d i t i o n s  f o r  t h e  s e p a r a t io n  r e l a t i o n s  c o n s id e re d  
i n  t h i s  p a p e r .
The name R u le r  and Compass F i e l d , i s  used  s in c e  
t h e  e le m e n ts  o f  t h i s  f i e l d  a r e  J u s t  th o s e  t h a t  can 
be  found  by r u l e r  and  compsiss c o n s t i -u c t io n .
A l a s t  rem ark  a lo n g  th e  l i n o s  o f  o u r  a u s c u s s io n  
i s  t h e  fo l lo w in g  : t h e  com -lex  f i e l d  i s  an  even
l a r g e r  f i e l d  th a n  t h e  r e a l  f i e l d  and i n  th e  complex 
f i e l d  t h e r e  a r e  no p o s i t i v e  o r  n e g a t iv e  members and 
e v e ry  number i s  a sq u a re  in  t h e  f i e l d .  I n  t h i s  c a se  
t h e  r e l a t i o n  /  becomes t r i v i a l ,  s in c e  i t  n e v e r  h o ld s .
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CHAPTUl V
OF üijjPArZATlOiî 
IN A FINITL, PLANE 
The s e p a r a t i o n  r e l a t i o n s  d is c u s s e d  i n  t h i s  
p a p e r  havv been  c o n s id e re d  from a g e n e ra l  p o in t  o f  
vievr. In  t h i s  s e c t i o n  some s p e c i f i c  exam ples o f  
t h e s e  r e l a t i o n s  a r e  g iven#
The p r o j e c t i v e  p lan e  o v e r  th e  f i e l d  o f  i n t e g e r s  
modulo 5 o f f e r s  some s im p le ,  though  n o n - t r i v i a l ,  
examples# T here  a r e  t h i r t y - o n e  p o in t s  and t h i r t y - o n e  
l i n e s  i n  t h i s  p la n e ,  Each l i n e  has  s i x  p o i n t s  and 
each  p o in t  i s  on s i x  l i n e s .  The p o in t s  ccn be r e ­
p re s e n te d  i n  t h e  u s u a l  f a s h i o n .  The t r i p l e ,  ( 0 ,0 ,0 )  
i s  exc luded  end  ( x , y , z , i  i s  e q u iv a le n t  t o  ( a x ,a y ,a s )  
f o r  a#^0# I n  t h e  c o r re sp o n d in g  a f f i n e  p la n e  ( x ,y ,0 )  
r e p r e s e n t s  t h e  p o in t  a t  i n f i n i t y  i n  th e  d i r e c t i o n  o f  
t h e  s lo p e  s  = y & x .  U sing t h i s  d e v ic e ,  t h e  follov?ing  
g e o m e tr ic  r e p r e s e n t a t i o n  can be g iv en  t o  th e  p o in ts
o f  t h i s  p la n e
31 .
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T h is  f i e l d  c o n ta in s  s q u a re s  (1 and 4) and non­
s q u a re s  (2 and 3)* The p ro d u c t  o f  two s q u a re s  i s  a  
s q u a re j  t h e  p ro a u c t  o f  a  sq u are  and a n o n -sq u a re  i s  a  
n o n -sq u a re  ; th e  p ro d u c t  o f  two n o n -sq u a re s  i s  a s q u a re .  
Thus t h i s  p la n e  s a t i s f i e s  a l l  o f  th e  c o n d i t io n s  f o r  th e  
p s u e d o - s e p a r a t lo n  d i s c u s s e d  i n  th e  p re v io u s  s e c t i o n s *
C o n s id e r  a g a in ,  a  co n ic  th ro u g h  th e  p o in ts  ( 0 ,0 ,1 )  
and ( 1 , 0 , 0 ) .  T h is  c o n ic  h as  t h e  form
y, z) = by^'+ d%y+eys+f%z = 0 .
I n  p a i ' t i c u l a r ,  t h e  c o n ic  Q (x ,y ,z )  = y+yz+xz & 0 
p a s s e s  th ro u g h  th e  p o i n t s  ( 0 ,0 ,1 )  and ( 1 , 0 , 0 ) .  The 
o t h e r  p o i n t s  o f  t h i s  co n ic  a r e ,  ( 0 , 4 , 1 ) ,  ( 3 ,1 ,1 )
( 4 ,2 ,1 )  and  ( 3 , 3 , 1 ) .  G e o m e tr ic a l ly ,  th e  co n ic  would 
t a k e  t h e  fo l lo ^ ‘/lng  fo rm : ( p o in t s  o f  t h e  co n ic  a r e
r e p r e s e n te d  by x * s ) .
ff
•  ♦ •  •
* '  X  •
• X 
X
< K D O  0 -Q-
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The l i n e  t  lire ugh th e  p o i n t s  (u ,  ,1 )  and i l , L , 0 )  
h a s  t h e  e q u a t io n ,  y  « 0* The re m a in in g  p o in t s  o f  t h i s  
l i n e  a r e ,  ( 1 , 0 , 1 ) ,  ( 2 , 0 , 1 , )  ( 3 ,0 ,1 )  and ( 4 , 0 , 1 ) .  In  
t h e  p i c t u r e ,  t h e  p o in t s  o f  t h e  l i n e  a r e  r e p r e s e n te d  
by c i r c l e s .
The f o l lo w in g  s i t u a t i o n  p r e v a i l s :
0 ( 1 ,0 ,1 )  = 1 -  s q u a re ,
Q (2 ,0 ,1 )  ■» 2 ^  s q u a re ,
Q( 3 ,0 ,1 )  = 3 ^  s q u a re ,
Q.( 4 ,0 ,1 )  -  4 * s q u a re .
The p o i n t s  ( 1 ,0 ,1 )  and ( 4 ,0 ,1 )  a r e  i n  one c l a s s  
w i th  r e s p e c t  t o  th e  co n ic  and t h e  p o in t s  ( 2 ,0 ,1 )  and 
( 3 ,0 ,1 )  a r e  i n  t h e  o t h e r .  In  f a c t  ( 1 ,0 ,1 )  i s  on two 
t a n g e n t s  t o  t h e  c o n ic j  t h e  l i n e  y  •  3x-+-2z ^ iiich  i s  
t a n g e n t  a t  t h e  p o in t  ( 3 ,1 ,1 )  and th e  l i n e  y » x-f-4z 
w hich  i s  t a n g e n t  a t  t h e  p o in t  ( 0 , 4 , 1 ) .  l i k e w is e  th e  
p o i n t  ( 4 ,0 ,1 )  i s  on two ta n g e n t s  t o  th e  c o n ic :  th e
l i n e  X = 4 which I s  t a n g e n t  a t  t h e  p o in t  ( 4 ,2 ,1 )  and 
t h e  l i n e  y  -  2 x + 2 a  w hich i s  t a n g e n t  a t  t h e  p o in t
( 3 , 3 , 1 ) .  However, t h e  p o in t s  ( 2 ,0 ,1 )  and  ( 3 , 0 , 1 j 
a r e  n o t  on any  t a n g e n t s .
I f  a d i f f e r e n t  c o n ic ,  s a y ,  y +  yzH-2xz = 0 i s  
t a k e n  t l ie n ;
Q( 1 ,0 ,1 )  = 2 Jc sq u a re ,
Q (2 ,0 ,1 )  ® 4 = s q u a re ,
Q ( 3 ,0 , l )  = 1 = s q u a re ,
Q( 4 ,0 ,1 )  = 3 F sq u a re .
AGAIH t h e  corres%x)nding p o in t s  a r e  i n  th e  same 
c l a s s ,  bu t a c t u a l l y  th e  c l a s s e s  have been revez-sed.
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I n  o u r  example i t  i s  o b v io u s  t h a t ,  s in c e  every  
p o in t  on th e  l i n e  th ro u g h  ( 1 ,0 ,0 )  and 0 , 0 , 1 )  has 
y » 0 th e n  I f  any o f  th e s e  p o i n t s  a r e  s u b s t i t u t e d  
i n t o  th e  e q u a t io n  o f  th e  co n ic  t h e  r e s u l t  w i l l  le a v e  
C;(X,0,Z) = fX 2.
The p o s s i b l e  v a lu e s  f o r  f  o t h e r  t l ian  f  = 0 a r e ,
f  = 1 , 2 , 3 , 4 .  I f  f  = 1 ,
U(1 ,0 ,1 )  » 1 = s q u a re ,
Q{2,G,1) « 2 s q u a re ,
0 ( 3 ,0 ,1 )  = 3 s q u a re ,
Q( 4 ,0 ,1 )  — U —' sq u a re  «
Q (1 ,0 ,1 )  ^ 2 f  s q u a re ,
Q(2 ,0 ,1 )  m 4 * s q u a re ,
vd ( 3 ,0 ,1 )  = 1 = s q u a re ,
Q (4 ,C ,1 ) -  3 ̂  sq u a re .
I f ,  f  = 2 t h e n ,
I f ,  f  = 3 t h e n ,
I f ,  f  = 4 t h e n ,
Q( 1 ,0 ,1 )  = 3 ^  s q u a re ,
Q(2 ,0 ,1 )  as 1 = sq u a re ,
Q ( 3 ,0 , l )  = 4 = squfire ,
Q( 4 ,0 ,1 )  ^  2 s q u a re .
4 ( 1 ,0 ,1 )  = 4 = s q u a re ,
W(2 ,0 ,1 )  = 3 ^ s q u a re ,
Q ( 3 ,0 , l )  = 2 ^  s q u a re ,Ù (4,0,1) = 1 Z sqiiar-e.
T h is  e x h a u s ts  t h e  p o s s i b i l i t i e s  and th u s  by 
a c t u a l  c a l c u l a t i o n ,  Theorem 2, on th e  p suedo - 
s e p a r a t i o n ,  h as  been v e r i f i e d .
V'e have a l r e a d y  seen  t h a t  i f  a chan'' e I s  r.iade to  
nonuoiiiogeneoua c o o rd in c 'te s ,  t h e  c ro s s  r a t i o  i s ,  
l i{xixpx;,X4 Z (X 2 4 ■ ( 3 -:":11 f  ( " ^ 1  '
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and  t h a t  if and only if, the c:os5 ratio
is n o t  a square*
C o n s id e r  th e  a f f i n e  p lan e  o b ta in e d  by desi^-natinp; 
a  l i n e  a s  th e  l i n e  a t  i n f i n i t y *  In  o u r  ca se  t h i s  w i l l
be t h e  l i n e  z = 0*
Def i n i t i o n * I f  t h e  p a i r  o f  p o i n t s  A,B sepÆ'irates 
t h e  p a i r  C, *^we s h a l l  say  t h a t  C i s  between A and B* ( r e f *3/ 
I f  v/8 t a k e  th e n  t h e  c ro s s  r a t i o  re d u c e s  t o ,
; f  (x ^ -  x - ) .
Theorem, The p o in t  Xq i s  between th e  p o in ts
x i and  Xo i f ,  and o n ly  i f ,  (xi -X'j ) * (xo -x-^/ i s  n o t
a  sQua.re,  ( r e f  ,3  )
A c tu a l ly  t h i s  d i s c u s s i o n  o f  be tw eenness h o ld s  f o r  
any  p la n e  t h a t  s a t i s f i e s  t h e  theorem s o f  C hap te r  IV.
Usin,'^ t h i s  be tw eenness  r e l a t i o n ,  l e t  u s  c o n s iu e r  th e  
p o i n t s  o f  t h e  l i n e  y » 0 i n  th e  p r o j e c t i v e  p lan e  o v e r  
t h e  i n t e g e r s  modulo f iv e *  I n  p a r t i c u l a r ,  we w i l l  
d e te rm in e  th e  be tw eenness  p r o p e r t i e s  o f  t h e  ix)in t ( 0 ,0 ,1 )  
w i th  th e  o t h e r  f o u r  f i n i t e  p o in t s  o f  t h i s  l i n e ,  .,here 
( 1 ,0 ,1 )  = 1 ,  ( 2 ,0 ,1 )  = 2 , ( 3 ,0 ,1 )  = 3 ,  ( 4 ,0 ,1 )  = 4 ,
( 1 ,0 ,0 )  = and ( 0 ,0 ,1 )  = 0*
2 -  2 *  s q u a re ;  0 i s  between 2 and 1*1 — 0
3 - 0  m. 3 #  square ; 0 is be t;  e en 3 and 1*
1 —0
® 4 — s q u a re ;  0 i s  n o t  bet;/een 4 and 1 .1 — 0
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2 .ZL& = 4 “ s q u a re :  0 i s  n o t  betw een 3 and 2 .
2 - 0
c  2 * s q u a re :  0 i s  between 4 and 2*
2 - 0
-  -Q B 2 #: sq u a re  ; 0 i s  between 3 and 4#
4 — 0
These r e s u l t s  m ere ly  co n f irm  th e  f i n d i n g s  o f  
t h e  p re v io u s  example* The p a i r  2 ,  3 and t h e  p a i r  4* 1 
a r e  i n  th e  same c l a s s e s  r e l a t i v e  to  any co n ic  th ro u g h  
t h e  a o i n t s  0 and ^  and p o in t s  i n  th e  seme c l a s s  a r e  
n o t  s e p a r a te d  from each o t h e r  by 0 and •-•while p o in t s  
i n  ü i f f e r e n t  c l a s s e s  a r e  s e p a r a te d  by 0 £ind *<9 ,
I t  was m entioned  t h a t  n o t  a l l  o f  t h e  s e p a r a t io n  
p r o p e r t i e s  l i s t e d  on page n in e  a r e  s a t i s f i e d  f o r  
f i n i t e  p lan es*  Axiom (11) s t a t e s  t h a t  i f  A and B 
s e p a r a t e  C and D, th e n  A and C do n o t s e p a r a t e  B rnd  D* 
I f  D i s  th e  p o in t  a t  i n f i n i t y  i n  th e  corî-esponding 
a f f i n e  p la n e ,  th e n  i n  te rm s  o f  b e tw eenness , we have 
t h a t  i f  C i s  betw een A and B, th e n  B i s  n o t  between 
A and C*
C o n s id e r ,
^  =3 #  s q u a re ;  0 i s  between 5 and 1 .
= 2 :^s q u a re :  1 i s  between 0 and 3#
3 - 1
T h is  im p l ie s  t h a t  3 and 1 s e p a r a te  0 and and a l s o  
t h a t  3 and 0 s e p a r a t e  1 and •<> * he have t h e r e f o r e ,  an 
example i n  th e  p la n e  ove: t h e  i n t e g e r s  modulo f i v e
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w here Axiom (11) on pngo n ln o  does n o t  h o ld .
An a c t u a l  d e m o n s tra t io n  o f  o th e r  p r o p e r t i e s  o f  
t h i s  p la n e  can be g iv e n  i n  so f a r  a s  th e y  supplem ent 
t h e  m a te r i a l  o f  t h i s  p a p e r .  However, i t  i s  th e  p u r ­
pose  o f  t h i s  s e c t i o n  to  p r e s e n t  a few c o n c re te  
exam ples o f  o u r  i d e a s .  Any f u r t h e r  i n v e s t i g a t i o n  
i s  l o f t  t o  t h e  r e a d e r .
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